Supersymmetry is studied in 2+1 dimensions. In addition to the multiplets corresponding to those in 3+1 dimensions the Clifford algebra allows an extra set. When the extra chiral multiplet is included, formulating supersymmetric QED3 in the manner of Wess and Zumino yields a lagrangian with a richer 'chiral' symmetry than that derived from supersymmetric QED by dimensional reduction.
Introduction
Four-component quantum electrodynamics in 2+1 dimensions (QED3) has been a popular area of study for some years, [1] . This is principally because it exhibits qualitative features in common with quantum chromodynamics, (QCD), namely confinement and chiral symmetry breaking, but without the complication of being non-Abelian. It is an ideal place in which to develop new, usually nonperturbative, mathematical techniques, and should have interesting applications beyond being a toy version of QCD.
Another important area of study is supersymmetry (SUSY). SUSY is a symmetry between fermions and bosons and it is studied in the hope that it may provide a renormalisable unified theory of gravity and the other forces.
In this paper we shall explore SUSY in 2+1 dimensions and in particular, SUSY QED3. Other authors have analysed SUSY QED3 but these have always been formulated in terms of two-component spinors such as in [2] or been derived from the SUSY theory for normal QED given by Wess and Zumino in [3] by dimensional reduction. Pisarski analyzed SUSY QED3 after obtaining the lagrangian in this way in [1] . In doing so he lost part of the important chiral symmetry present in massless QED3 but not present in QED. Here we present an alternative approach to SUSY QED3 with four-component fermions which preserves these symmetries. Our approach, rather than to reduce from a higher dimension is to repeat the steps of Wess and Zumino in ref. [3] . The lagrangian we obtain for SUSY QED3 is given in section 4. In the process of developing the necessary formalism in sections 2 and 3, some interesting features, such as an extra chiral multiplet will be found to arise as a result of the Clifford algebra. Conclusions are drawn in section 5.
The algebra of SUSY QED3
In 2+1 dimensions there are two inequivalent, irreducible representations of the Clifford algebra, given in terms of 2 × 2 matrices. These two representations differ by a minus sign [5] , and have the undesirable property that either one leads to a version of QED3 which is parity non-invariant. To circumvent this property, it is common to consider a four-component version of QED3 incorporating Dirac matrices which are a direct sum of the two inequivalent representations [1] . The Dirac matrix algebra we employ here, described in full in ref. [4] is constructed as follows:
The 4 × 4 matrices γ µ satisfy {γ µ , γ ν } = 2η µν , η µν = diag(1, −1, −1) where µ takes the values 0,1 and 2. We take from ref. [4] the complete set of 16 matrices
The matrices I, γ 4 , γ 5 , γ 45 are the Pauli matrices in block form and as such generate a U (2) algebra. The parity and charge conjugation rules for fourcomponent Dirac spinors are given by
and (0 ≤ φ P , φ C < 2π). A Majorana spinor is one for which ψ = Cψ T . The arbitrary phases φ C and φ P are important for classifying the bound states in non-SUSY QED3 [4] .
We have
where
The first step in the extension of QED3 to supersymmetry is the construction of chiral multiplets. A reasonable tentative suggestion is (on-shell)
where A, B are real and ζ, ψ are Majorana. (The auxiliary fields will not aid the current discussion and will be temporarily neglected for the sake of brevity.) If the superalgebra is to hold then the commutator of two of these transformations must obey
where X is any component of the multiplet. For the case of A we have
as required, but using equations (2) and (3)
which does not cancelζ 2 γ 5 γ µ ζ 1 . A similar situation arises when A is replaced by B or ψ and the same problem exists for the matrix γ 4 . To stop this 'blowing out' of terms we could simply set φ C = 0. This would be unfortunate though as the angular freedom φ C in the matrix C would be lost. As stated earlier, this angle is important for classifying the bound states in non-SUSY QED3 so we would like to preserve it if possible in order to see what effects it has (if any) under SUSY. To this end we define the rotated Dirac matrices. This can be done by making the substitution
in the Clifford algebra. (Note that −iγ P γ W = γ 45 so the matrices I, γ P , γ W , γ 45 again generate an SU (2) algebra.) Then
If X is any element of the multiplet then equation (5) must hold. In order for this to happen, all terms, exceptζ 1 γ µ ζ 2 generated by δ 1 δ 2 X must be symmetric under interchange of ζ 1 , ζ 2 , i.e.
In this sense γ W is well-behaved but γ P and γ 45 are problem matrices becausē
However γ 2 45 = I = γ 2 P and γ P γ 45 = −iγ W where γ W is well-behaved so we can form two chiral multiplets Φ, Φ 45 with the transformation laws
which is the standard chiral multiplet corresponding to that found in 3 + 1 dimensions, and
which we shall refer to as a P-chiral multiplet. Up to factors of -1, these are the only chiral multiplets available.
The relative difference between the arbitrary phases φ P and φ C is fixed by the imposition of SUSY. Indeed, from equations (2) and (8) we have that
If the form of the chiral multiplet and P-chiral multiplet transformation rules (13) and (14) is to be maintained under parity transformations, the off-diagonal terms in this matrix must be set to zero. We therefore set φ P to one of
With the first of these choices, Φ has even parity and Φ P has odd parity. The Clifford algebra to be used is now
With the Clifford algebra and chiral multiplets established we now look for a general multiplet. This is very similar to the standard general multiplet in 3+1 dimensions except for an extra scalar field which makes up the bosonic degree of freedom lost when the vector field is taken from 3+1 to 2+1 dimensions. Our general multiplet V is defined by the following fields and transformations:
There is, not surprisingly, also P-general multiplet which we call V P . Although it is not used in this paper we present it here for the sake of completeness.
Products of multiplets
In exact analogy to 3+1 dimensions, the chiral and general multiplets can be multiplied. We give here the products which are used to construct the Lagrangian in the next section.
Given multiplets Φ 1 , Φ 2 , Φ P 1 , Φ P 2 the multiplication of two chiral and two P-chiral multiplets to obtain a third chiral multiplet, Φ 3 and P-chiral multiplet, Φ P 3 is defined by
and
Chiral multiplets can be multiplied to give general multiplets. We have the symmetric
and anti-symmetric
Finally there is the multiplication of two general multiplets to obtain a third one, denoted by V 3 = V 1 V 2 where the components of V 3 are
(24)
Symmetries of the lagrangian
As stated at the beginning of this paper, the intention is to construct a lagrangian for SUSY QED3 with 4-component spinors. Our lagrangian contains two chiral multiplets Φ 1 and Φ 2 , two P-chiral multiplets Φ P 1 and Φ P 2 , and one vector multiplet. For the sake of compactness we use a complex formalism where
and a similar construction for the P-chiral multiplets. Following the steps taken by Wess and Zumino in [3] we obtain the following lagrangian.
where g is the electromagnetic coupling constant and we have adopted the WessZumino gauge. This reduces to that given by Pisarski [1] when φ C = 0 and the P -fields are removed. However our treatment is not a trivial extension of Pisarski's lagrangian. We have not simply added another chiral multiplet. It must be P -multiplets that are added if the full symmetry of non-SUSY QED3 is to be retained. The non-SUSY theory given in [4] enjoys a chiral-like U (2) symmetry generated by the matrices {I, γ 4 , γ 5 , γ 45 }. This is broken down to a U (1) × U (1) symmetry generated by {I, γ 45 } by the dynamical generation of mass. It would be interesting to study whether this effect also occurs in our SUSY version of the theory. In the remainder of this paper we show that the Lagrangian (25) enjoys a global U (2) symmetry generated by {I, γ P , γ W , γ 45 }.
Repeating the arguments of Wess and Zumino in [3] , we consider first the U (1) symmetry generated by I. Consider the Dirac spinors
where ψ (1, 2) and ψ (P 1,P 2) are the Majorana spinors in the mulitiplets Φ (1, 2) and Φ (P 1,P 2) respectively. Under a global gauge transformation
In order for the gauge transformation to commute with the SUSY transformation it is necessary for the A, B, F and G fields in all multiplets to transform also. Thus the infinitesimal global gauge transformation for the complex chiral multiplets Φ and Φ P is given by
We will now look at the transformation generated by γ W . This is given by
Again, if this is going to commute with the SUSY-transformation then all fields in all multiplets must transform also. The infinitesimal form of the transformation for all multiplets is given by
The lagrangian given by Pisarski has these two symmetries but lacks those corresponding to γ P (or, in the notation of Pisarski, γ 4 ) and γ 45 . Our lagrangian has these symmetries because of the inclusion of the Φ P supermultiplet. We treat γ P and γ 45 in similar fashion but here we see the necessity of the Φ P field. Naively we might expect the infinitesimal transformation generated by γ 45 to be of the form
However this transformation cannot readily be made to commute with SUSY. Consider the following:
In order for δ 45 to commute with δ, δ 45 A would have to transform under SUSY in a similar way to A P , except that A P transforms into ψ P and not ψ. A straightforward way around this is to notice that the Lagrangian is also invariant under
We take this to be the δ 45 transformation. In order to commute with SUSY the δ 45 -transformation transforms the multiplets by
Similarly, the γ P -transformation on multiplets is given by
As we have stated, the Lagrangian given in equation 25 is for massless SUSY QED3. Mass terms are not invariant under the transformations γ P , γ W . In massless non-SUSY QED3 [1, 4] mass is generated spontaneously leading to dynamical symmetry breaking of the γ 4 , γ 5 symmetry. If mass is dynamically generated in this model then the symmetries γ P , γ W are dynamically broken.
Conclusion
We have constructed a SUSY-extended massless four-component QED3 Lagrangian based on the non-SUSY model given in [4] . We did this by finding chiral and general multiplets in the lower dimensional spacetime and then repeating the steps taken by Wess and Zumino. An interesting effect of the Clifford algebra in a 2+1 dimensional spacetime is that, whereas in 3+1 dimensions one has a single chiral multiplet and a single general multiplet, in 2+1 dimensions there are two distinct types of each. We refer to the second type as P-chiral and P-general multiplets. In non-SUSY four-component QED3, parity and charge conjugation are defined up to arbitrary phases φ P and φ C . In our SUSY-extended version of QED3, we found it necessary to fix the relative phases so φ P = −φ C .
Finally, we were interested in preserving the U (2) symmetry displayed by the original massless QED3 in the SUSY version. This was found to be possible provided the Lagrangian contains both a standard chiral multiplet and a Pchiral multiplet. It remains to be seen whether four-component SUSY QED3 dynamically generates a mass to break the global symmetry from U (2) to U (1)× U (1).
